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Abstract

This paper analyses the properties of standard estimators, tests, and con�dence sets

(CS�s) in a class of models in which the parameters are unidenti�ed or weakly iden-

ti�ed in some parts of the parameter space. The paper also introduces a method to

make the tests and CS�s robust to such identi�cation problems. The results apply to

a class of extremum estimators and corresponding tests and CS�s, including maximum

likelihood (ML), least squares (LS), quantile, generalized method of moments (GMM),

generalized empirical likelihood (GEL), and minimum distance (MD) estimators. The

consistency/lack-of-consistency and asymptotic distributions of the estimators are estab-

lished under a full range of drifting sequences of true distributions. The asymptotic size

(in a uniform sense) of standard tests and CS�s is established. The results are applied

to the LS estimator of a nonlinear regression model, a LS estimator of a smooth transi-

tion threshold autoregressive model, the instrumental variables estimator of a nonlinear

regression model with endogeneity, and the ML estimator of an ARMA (1, 1) model.

Keywords: Asymptotic size, con�dence set, estimator, identi�cation, nonlinear models,
test, weak identi�cation.

JEL Classi�cation Numbers: C12, C15.



1. Introduction

The literature in econometrics has shown considerable interest in issues related to

identi�cation over the last two decades (and, of course, prior to that as well). For ex-

ample, research has been carried out on models with weak instruments, models with

partial identi�cation, models with and without nonparametric identi�cation, tests with

nuisance parameters that are unidenti�ed under the null hypothesis, and the �nite sam-

ple properties of statistics under lack of identi�cation. The present paper is in this line

of research, but focuses on a class of models that has not been investigated fully in the

literature. It includes models with weak instruments but the focus of the paper is on

other models in this class.

We consider a class of models in which lack of identi�cation occurs in part of the

parameter space. Speci�cally, we consider models in which the parameter � of interest

is of the form � = (�; �; �); where � is identi�ed if and only if � 6= 0; � is not related
to the identi�cation of �; and  = (�; �) is always identi�ed. The parameters �; �; and

� may be scalars or vectors. This a canonical parametrization which may or may not

hold in the natural parameterization of the model, but is assumed to hold after suitable

reparametrization. For example, the nonlinear regression model, Yi = �h(Xi; �)+Z
0
i�+

Ui; where (Yi; Xi; Zi) is observed and h(�; �) is known, is of the form just described. So

are other models that depend on a nonlinear index of the form �h(Xi; �) + Z 0i�:

Suppose � is estimated by minimizing a criterion function Qn(�) over a parameter

space �: Lack of identi�cation of � when � = 0 leads to Qn(�) being (relatively) �at

with respect to (wrt) � when � is close to 0: For example, the LS criterion function in

the nonlinear regression example, n�1
Pn

i=1(Yi � �h(Xi; �) + Z 0i�)
2; has �rst derivative

wrt � equal to 2�n�1
Pn

i=1(Yi � �h(Xi; �) + Z
0
i�)(@=@�)h(Xi; �); which is close to 0 for

� close to 0: Flatness of Qn(�) is well-known to cause numerical di¢ culties in prac-

tice. It also causes di¢ culties with standard asymptotic approximations because the

second derivative matrix of Qn(�) is singular or near singular and standard asymptotic

approximations involve the inverse of this matrix.

In addition to the nonlinear regression model, other examples that are considered in

the paper include a smooth transition threshold autoregressive (STAR) model, which

includes smooth transition switching regression models, the ARMA (1, 1) model, and

a nonlinear regression model with endogenous regressors. Han (2009) shows that, via

reparametrization, a simple bivariate probit model with endogeneity falls into the class of
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models considered here. Other examples include continuous transition structural change

models, continuous transition threshold autoregressive models (e.g., see Chan and Tsay

(1998)), seasonal ARMA(1, 1) models (e.g., see Andrews, Liu, and Ploberger (1998)),

models with correlated random coe¢ cients (e.g., see Andrews (2001)), GARCH(p, q)

models, and time series models with nonlinear deterministic time trends of the form t�

or (t� � 1)=�:1

Not all models with lack of identi�cation at some points in the parameter space fall

into the class of models considered here. The models considered here must satisfy a set

of criterion function (stochastic) quadratic approximation conditions, as described in

more detail below, that do not apply to some models of interest. For example, abrupt

transition structural change models, (unobserved) regime switching models, and abrupt

transition threshold autoregressive models are not covered by the results of the present

paper, e.g., see Picard (1985), Chan (1993), Bai (1997), Hansen (2000), Liu and Shao

(2003), Elliott and Müller (2007, 2008), and Drton (2009) for analyses of these models.

The approach of the paper is to consider a general class of extremum estimators that

includes ML, LS, quantile, GMM, GEL, and MD estimators. The criterion functions

considered may be smooth or non-smooth functions of �:We place high-level conditions

on the behavior of the criterion function Qn(�); provide a variety of more primitive

su¢ cient conditions, and verify the latter in several examples. For example, we provide

more primitive su¢ cient conditions for the case where the criterion function takes the

form of a sample average that is a smooth function of � and is based on i.i.d. or stationary

time series observations, which covers ML and LS estimators. These conditions are of a

similar nature to standard ML regularity conditions, and indeed cover ML estimators,

but allow for non-regularity in terms of a certain type of identi�cation failure. We also

provide su¢ cient conditions for GMM criterion functions. The high-level conditions

given here have the attractive features of (i) clarifying precisely which features of the

criterion function are essential for the analysis and (ii) covering a wide variety of cases

simultaneously.

Given the high-level conditions, we establish the large sample properties of extremum

estimators, t and Wald tests, and t and Wald CS�s under lack of identi�cation, weak

identi�cation, semi-strong identi�cation, and strong identi�cation, as discussed below.

1Nonlinear time trends can be analyzed asymptotically in the framework considered in this paper via
sample size rescaling, i.e., by considering (t=n)� or ((t=n)� � 1)=�; e.g., see Andrews and McDermott
(1995).
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We investigate the large sample biases of extremum estimators under weak identi�cation.

We determine the asymptotic size of standard tests and CS�s, which often deviates from

their nominal size in the presence of lack of identi�cation at some points in the parameter

space.2

We introduce a method of making standard tests and CS�s robust to lack of identi�-

cation, i.e., to have correct asymptotic size. The method is closely related to a method

suggested in Andrews (1999, Sec. 6.4; 2000, Sec. 4) for boundary problems and to the

generalized moment selection critical value method used in Andrews and Soares (2010)

and some other papers for inference in partially-identi�ed models based on moment in-

equalities. The idea is to use a testing/model selection procedure to determine whether

� is close to the non-identi�cation value 0 and, if so, to adjust the critical value to take

account of the e¤ect of non-identi�cation or weak identi�cation on the behavior of the

test statistic.

The resulting identi�cation-robust tests and CS�s are ad hoc in nature and do not

have any optimality properties. However, they are generally applicable and often have

the advantage of computational ease. In some models with potential identi�cation fail-

ure, procedures with explicit asymptotic optimality/admissibility properties are avail-

able. For example, see Elliott and Müller (2007, 2008) for some change-point problems.

In the models considered here, weak identi�cation occurs when � 6= 0 but � is close
to 0: As is well-known from the literature on weak instruments, the e¤ect of � of a given

magnitude on the behavior of estimators and tests depends on the sample size n: In

consequence, to capture asymptotically the �nite-sample behavior of estimators, tests,

and CS�s under near non-identi�cation, one has to consider drifting sequences of true

distributions. In the present context, one needs to consider drifting sequences in which

�n drifts to 0 at various rates and �n drifts to non-zero values.

Interest in asymptotics with drifting sequences of parameters goes back to Pitman

drifts, which are used to approximate the power functions of tests, and contiguity re-

sults, which are used for asymptotic e¢ ciency calculations among other things. More

recently, drifting sequences of parameters have been shown to play a crucial role in the

literature on weak instruments, e.g., see Staiger and Stock (1997), and the literature

on the (uniform) asymptotic size properties of tests and CS�s when the statistics of in-

2Asymptotic size is de�ned to be the limit of exact (i.e., �nite-sample) size. For a test, exact size
is the maximum rejection probability over distributions in the null hypothesis. For a CI, exact size is
the minimum coverage probability over all distributions. Because exact size has uniformity built into
its de�nition, so does asymptotic size as de�ned here.
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terest display discontinuities in their pointwise asymptotic distributions, see Andrews

and Guggenberger (2009, 2010) and Andrews, Cheng, and Guggenberger (2009). The

situation considered here is an example of the latter phenomenon. The latter papers

show that to determine asymptotic size, it is both necessary and su¢ cient to determine

the behavior of the relevant statistics under certain drifting sequences of parameters.

In this paper, we use the results in those papers and consider a collection of drifting

sequences of parameters/distributions that are su¢ cient to determine the asymptotic

size of the tests and CS�s considered.

Suppose the true value of the parameter is �n = (�n; �n; �n) for n � 1; where n

indexes the sample size. The behavior of extremum estimators and tests in the present

context depends on the magnitude of jj�njj: The asymptotic behavior of these statistics
varies across the three categories of sequences f�n : n � 1g de�ned in Table I.
The asymptotic results of the paper for the extremum estimator b�n = (b�n;b�n; b�n) are

summarized as follows: The estimator b n = (b�n;b�n) is n1=2-consistent for all categories of
sequences f�ng: The estimator b�n is inconsistent for Category I sequences and consistent
for Categories II and III. The asymptotic distribution of n1=2(b n� n) (= n1=2((b�n;b�n)�
(�n; �n))) is a functional of a Gaussian process with a mean that is (typically) non-zero

for Category I sequences (due to the inconsistency of b�n) and is normal with mean
zero for Categories II and III. The asymptotic distribution of b�n is a functional of the
same Gaussian process for Category I sequences. These estimation results permit the

calculation of the asymptotic biases of (b�n;b�n; b�n) for Category I sequences as a function
of the strength of identi�cation. The asymptotic distribution of n1=2jj�njj(b�n � �n)

is normal with mean zero for Category II sequences. The asymptotic distribution of

n1=2(b�n � �n) is normal with mean zero for Category III sequences.

Table I. Identi�cation Categories.

Category f�ng Sequence Identi�cation Property of �

I(a) �n = 0 8n � 1 Unidenti�ed

I(b) �n 6= 0 and n1=2�n ! b 2 Rd� Weakly identi�ed

(and, hence, jj�njj = O(n�1=2))

II �n ! 0 and n1=2jj�njj ! 1 Semi-strongly identi�ed

III �n ! �0 6= 0 Strongly identi�ed

Similarly, the asymptotic results for tests and CS�s vary over the three categories.
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For Category I sequences, standard tests and CS�s have asymptotic rejection/coverage

probabilities that may di¤er, sometimes substantially, from their nominal level. In con-

sequence, the asymptotic size of standard tests and CS�s often is substantially di¤erent

from the desired nominal size. For Category II and III sequences, standard tests and CS�s

have the desired asymptotic rejection/coverage probability properties. For hypotheses

or CS�s that involve �; their power/non-coverage properties are standard for Category

II and III sequences.

Next, we discuss the literature that is related to this paper. Cheng (2008) considers

a nonlinear regression model with multiple nonlinear regressors and, hence, multiple

sources of lack of identi�cation. In contrast, the present paper only considers a single

source of lack of identi�cation (based on the magnitude of the true value of jj�jj), which
translates into a single nonlinear regressor in the nonlinear regression example. On the

other hand, the present paper covers a much wider variety of models than does Cheng

(2008).

In the models considered in this paper, a test of H0 : � = 0 versus H1 : � 6= 0; is a
test for which � is a nuisance parameter that is unidenti�ed under the null hypothesis.

Testing problems of this type have been considered in the literature, see Davies (1977,

1987), Andrews and Ploberger (1994), and Hansen (1996a). In contrast, the hypotheses

considered in this paper are of a more general type. Here we consider a full range

of nonlinear hypotheses concerning (�; �; �)� only special cases are of the type just

described. For example, when the null hypothesis concerns �; then � is a nuisance

parameter that is identi�ed in part of the null hypothesis and unidenti�ed in another

part. If the null hypothesis involves all three parameters (�; �; �); then the identi�cation

scenario is substantially more complicated than when H0 is � = 0: Furthermore, even if

interest is focussed on �; to obtain asymptotic size results for CS�s for �; one needs to

consider drifting sequences of null hypotheses of the form H0 : � = ��n for n � 1: Such
testing problems are di¤erent from those considered in the literature referred to above.

The weak instrumental variable (IV) literature, e.g., see Nelson and Startz (1990),

Dufour (1997), Staiger and Stock (1997), Stock and Wright (2000), Kleibergen (2002,

2005), Moreira (2003), and other papers referenced in Andrews and Stock (2007), is

related to the present paper. This is especially true of Staiger and Stock (1997). In the

weak IV literature, the criterion functions considered do not depend on the parameters

that are the source of weak identi�cation. In the present paper, the criterion functions

do. In consequence, the present paper and the weak IV literature are complementary�
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they focus on di¤erent criterion functions/models.

However, there is some overlap. For example, in the standard linear IV regression

model, the criterion function for the limited information maximum likelihood (LIML)

estimator can be written either as (i) a function of the parameters in the structural

equation plus the parameters in the accompanying reduced form equations, which �ts

the framework of the present paper and yields results that cover both the structural and

reduced-form parameters, or (ii) a function of the structural equation parameters only

via concentrating out the reduced form parameters, as in the analysis in Anderson and

Rubin (1949) and Staiger and Stock (1997).

The �nite-sample results of Dufour (1997) and Gleser and Hwang (1987) for CS�s

and tests are applicable to the models considered in this paper. This paper considers

the case where the potentially unidenti�ed parameter � lies in a bounded set �: In this

case, Cor. 3.4 of Dufour (1997) implies that if the diameter of a CS for � is as large as

the diameter of � with probability less than 1 � 2� then the CS has (exact) size less
than 1� � (under certain assumptions).

Nelson and Startz (2007) introduces the zero-information-limit condition, which ap-

plies to the models considered in this paper, and discuss its implications. Ma and Nelson

(2006) considers tests based on linearization for models of the type considered in this

paper. Neither of these papers establishes the large sample properties of estimators,

tests, and CS�s along the lines given in this paper.

Phillips (1989) and Choi and Phillips (2001) provide �nite-sample and asymptotic

results for linear simultaneous equations and linear spurious regression models in which

some parameters are unidenti�ed. Their results do not overlap very much with those in

this paper because the present paper is focussed on nonlinear models. Their asymptotic

results are pointwise in the parameters, which covers the unidenti�ed and strongly iden-

ti�ed categories, but not the weakly identi�ed and semi-strongly identi�ed categories

described above.

The results of the present paper apply to the nonlinear regression model estimated

by LS. We use this as an example to illustrate the general results of the paper. In

the example, the regressors are i.i.d. or stationary and ergodic. One also can apply

the approach of this paper to the case where the regressors are integrated. In this

case, the general results given below do not apply directly. However, by using the

asymptotics for nonlinear and nonstationary processes developed by Park and Phillips

(1999, 2001), the approach goes through, as shown recently by Shi and Phillips (2009).
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With integrated regressors, the nonlinear regression model is a nonlinear cointegration

model. Shi and Phillips (2009) employs the same method of computing asymptotic size

and of constructing identi�cation-robust CS�s as was introduced in an early version of

this paper and Cheng (2008).

2. Description of Approach

The criterion functions/models considered in this paper possess the following char-

acteristics:

(i) the criterion function does not depend on � when � = 0;

(ii) the criterion function viewed as a function of  with � �xed has a (stochastic)

quadratic approximation wrt  (for  close to the true value of  ) for each � 2 � when
the true � is close to the non-identi�cation value 0 (see Assumption C1 in Section ??
below),

(iii) the (generalized) �rst derivative of this quadratic expansion converges weakly as a

process indexed by � 2 � to a Gaussian process after suitable normalization,
(iv) the (generalized) Hessian of this quadratic expansion is nonsingular asymptotically

for all � 2 � after suitable normalization,
(v) the criterion function viewed as a function of � has a (stochastic) quadratic approx-

imation wrt � (for � close to the true value) whether or not the true � is close to the

non-identi�cation value 0 (see Assumption D1 in Section ?? below),
(vi) the (generalized) �rst derivative of this quadratic expansion has an asymptotic

normal distribution after a matrix rescaling when � is local to the non-identi�cation

value 0; and

(vii) the (generalized) Hessian of this quadratic expansion is nonsingular asymptotically

after a matrix rescaling when � is local to the non-identi�cation value 0:

Now, we describe the approach used to establish the asymptotic results discussed

in the Introduction. The estimator b�n = (b�n;b�n; b�n) is de�ned to minimize a criterion
function Qn(�) over � 2 �: Let �n = (�n; �n; �n) denote the true parameter.
Several steps are employed. The �rst three steps apply to sequences of true parame-

ters in Categories I and II.

Step 1. We consider the concentrated estimator b n(�) that minimizes Qn(�) =
Qn( ; �) over  for �xed � 2 � and the concentrated criterion function Qcn(�) =
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Qn(b n(�); �): We show that b n(�) is consistent for  n uniformly over � 2 �: The

method of proof is a variation of a standard consistency proof for extremum estimators

adjusted to yield uniformity over �: The proof is analogous to that used in Andrews

(1993) for estimators of structural change models in the situation where no structural

change occurs.

Step 2. We employ a stochastic quadratic expansion of Qn( ; �) in  for given �
about the non-identi�cation point  =  0;n = (0; �n); rather than the true value  n;

which is key. By expanding about  0;n; the leading term of the expansion, Qn( 0;n; �);

does not depend on � because Qn(�; �; �) does not depend on � when � = 0: For

each � 2 �; we obtain a linear approximation to b n(�) after centering around  0;n and
rescaling. At the same time, we obtain a quadratic approximation of Qcn(�): Both results

hold uniformly in �: The method employed has two steps.

The �rst step of the two-step method involves establishing a rate of convergence

result for b n(�)� 0;n: The second step uses this rate of convergence result to obtain the
linear approximation of b n(�)�  0;n (after rescaling) and the quadratic approximation

of Qn( ; �)�Qn( 0;n; �) (after rescaling) as a function of  : Because Qn( 0;n; �) does

not depend on �; it does not e¤ect the behavior of b n(�) or b�n: The two-step method
used here is like that used by Cherno¤ (1954), Pakes and Pollard (1989), and Andrews

(1999) among others, except that it is carried out for a family of values �; as in Andrews

(2001), rather than a single value, and the results hold uniformly over �:

Step 3. We determine the asymptotic behavior of the (generalized) �rst derivative
of Qn( ; �) wrt  evaluated at  0;n: Due to the expansion about  0;n, rather than about

the true value  n; a bias is introduced in the �rst derivative� its mean is not zero. The

results here di¤er between Category I and II sequences. With Category I sequences,

one obtains a stochastic term (a mean zero Gaussian process indexed by �) plus a non-

stochastic term due to the bias (K(�; 0)b in the notation used below) and the two are

of the same order of magnitude. With Category II sequences, the true �n is farther

from the point of expansion 0 than with Category I sequences and, in consequence, the

non-stochastic bias term is of a larger order of magnitude than the stochastic term. In

this case, the limit is non-stochastic.

We also determine the asymptotic behavior of the (generalized) Hessian matrix of

Qn( ; �) wrt  evaluated at  0;n: It has a non-stochastic limit. There is no problem

here with singularity of the Hessian because it is the Hessian for  only, not � = ( ; �);

and  is identi�ed.
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For Category I sequences, the results of this step combined with those of Step 2

and the condition n1=2( n �  0;n) ! (b; 0) gives the asymptotic distribution of (i)

the concentrated estimator b n(�) viewed as a stochastic process indexed by � 2 �:

n1=2(b n(�) �  n) ) �(�); where �(�) is a Gaussian process indexed by � 2 � whose

mean is non-zero unless b = 0; and (ii) the concentrated criterion function Qcn(�):
n(Qcn(�)�Qn( 0;n; �))) �(�); where �(�) is a quadratic form in �(�):
For Category II sequences, putting the results above together yields: (i) a rate

of convergence result for b n(�): sup�2� jjb n(�) �  0;njj = Op(jj�njj) that is just fast
enough to obtain a rate of convergence result for b n �  n in Step 6 below and (ii) the

(non-stochastic) probability limit �(�) of Qcn(�) (after normalization): jj�njj�1(Qcn(�)�
Qn( 0;n; �))!p �(�) uniformly over � 2 �:

Step 4. For Category I sequences, we use b�n = argmin�2�Q
c
n(�); n(Q

c
n(�) �

Qn( 0;n; �))) �(�) from Step 3 (where Qn( 0;n; �) does not depend on �), and the con-
tinuous mapping theorem (CMT) to obtain b�n !d �

� = argmin�2� �(�): In this case, b�n
is not consistent. Given the asymptotic distribution of b�n; the result n1=2(b n(�)� n))
�(�) from Step 3, and the CMT, we obtain the asymptotic distribution of b n = b n(b�n):
n1=2(b n� n)!d �(�

�): This completes the asymptotic results for (b n; b�n) for Category
I sequences of true parameters.

Step 5. For Category II sequences, we obtain the consistency of b�n by using the
uniform convergence in probability of Qcn(�) (after normalization) to the non-stochastic

quadratic form, �(�); established in Step 3, combined with the property that �(�) is

uniquely minimized at the limit �0 of the true values �n: The vector that appears in the

quadratic form �(�) is the vector of biases of the (generalized) �rst derivative obtained

in Step 3, which appears due to the expansion around  0;n rather than around  n:

Step 6. For Category II sequences, we use the rate of convergence result sup�2�
jjb n(�) �  0;njj = Op(jj�njj) from Step 3 and a relationship between the bias of the

(generalized) �rst-derivative and the (generalized) Hessian (wrt  ) to obtain a rate of

convergence result for b n = b n(b�n) centered at the true value  n: b n� n = op(jj�njj):

Step 7. For Category II and III sequences, we carry out stochastic quadratic ex-
pansions of Qn(�) about the true value �n: The argument proceeds as in Step 2 (but the

expansion here is in �; not in  with � �xed, and the expansion is about the true value).

First, we obtain a rate of convergence result for b�n��n and then with this rate we obtain
the asymptotic distribution of b�n � �n (after rescaling) using the quadratic approxima-
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tion of Qn(�) in a particular neighborhood of �n: The result obtained is consistency and

asymptotic normality (with mean zero) for b�n with rate n1=2 for b n for Category II and
III sequences, rate n1=2 for b�n for Category III sequences, and rate n1=2jj�njj (<< n1=2)

for b�n for Category II sequences. The last rate result is due to the convergence of �n to
0 albeit slowly. With Category II sequences, b�n is consistent and asymptotically normal
but with a slower rate of convergence than is standard.

For Category II sequences, the results in this step are complicated by two issues.

First, the (generalized) Hessian matrix for � with the standard normalization is singu-

lar asymptotically because �n ! 0 and the random criterion function Qn(�) becomes

more �at wrt � for � in a neighborhood of �n the closer is �n to 0: This requires a

matrix rescaling of the Hessian based on the magnitude of jj�njj: Second, the quadratic
approximation of the criterion function wrt � around the true value �n only holds for

� close enough to �n; speci�cally, only for � 2 �n(�n) = f� 2 � : jj �  njj � �njj�njj
& jj� � �njj � �ng for constants �n ! 0: Thus,  needs to be very close to the true

value  n for the quadratic approximation to hold. It is for this reason that the rate of

convergence result b n� n = op(jj�njj) in Step 6 is a key result. The quadratic approxi-
mation requires � 2 �n(�n) because for such � = (�; �; �) we have jj�jj=jj�njj = 1+ o(1)
and, hence, the rescaling that enters the Hessian is asymptotically equivalent whether

it is based on � or the true value �n: (For example, see the veri�cation of Assumption

Q1(iv) for the LS example in (??) to see that the restriction � 2 �n(�n) is required for
the quadratic approximation to hold in this example.)

Step 8. We obtain the asymptotic null distributions of the Wald and t test statistics
for linear and nonlinear restrictions using the asymptotic distributions of the estimators

described in Steps 1-7 plus asymptotic results for the variance matrix and standard

error estimators upon which the test statistics depend. The latter exhibit non-standard

behavior for Category I sequences because b�n is random even in the limit. These results
yield the asymptotic null rejection probabilities and coverage probabilities of standard

Wald and t test for Category I-III sequences.

The analysis of Wald tests for multiple restrictions requires the use of a parameter

dependent matrix rotation to separate the e¤ects of randomness in b n and b�n because
these two estimators have di¤erent rates of convergence for sequences fng in Categories
I and II.

We show that for some multiple nonlinear restrictions the Wald test statistic diverges

to in�nity in probability under the null hypothesis. Obviously this is not a desirable
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property and leads to the standard Wald test (for any nominal level � > 0) having

asymptotic size equal to one.

For Category I sequences, the asymptotic distribution of the t statistic for a scalar

linear or nonlinear restriction that involves both � and  is found to depend only on

the randomness in b�n and not on the randomness in b n: This occurs because the former
is of a larger order of magnitude than the latter. When a scalar restriction does not

involve �; then the asymptotic null distribution of the t statistic for Category I sequences

usually still depends on the (asymptotically non-standard) randomness of b�n through
the standard deviation estimator and implicitly through the e¤ect of the randomness ofb�n on the asymptotic distribution of b n = b n(b�n):
Step 9. Using the asymptotic results from Step 8 for Category I-III sequences of

true parameters, combined with the argument from Andrews and Guggenberger (2010),

as formulated in Andrews, Cheng, and Guggenberger (2009), we obtain a formula for

the asymptotic size of standard Wald and t tests and Wald and t CS�s. Their behavior

under Category I sequences determines whether a test over-rejects asymptotically and

whether a CS under-covers asymptotically. Under Category II and III sequences, they

perform asymptotically as desired.

Step 10. We introduce data-dependent critical values that yield Wald and t tests
and Wald and t CS�s that have correct asymptotic size even in the presence of identi-

�cation failure and weak identi�cation in part of the parameter space. The adjusted

critical values employ the asymptotic formulae derived in Steps 8 and 9.

3. Estimator and Criterion Function

3.1. Extremum Estimators

We consider an estimator b�n; such as an ML, LS, quantile, GMM, GEL, or MD esti-
mator, that is de�ned by minimizing a sample criterion function. The sample criterion

function, Qn(�); depends on the observations fWi : i � ng; which may be i.i.d., i.n.i.d.,
or temporally dependent.

The paper focuses on inference when � is not identi�ed at some points in the para-

meter space. Lack of identi�cation occurs when the Qn(�) is �at wrt some sub-vector
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of �: To model this identi�cation problem, � is partitioned into three sub-vectors:

� = (�; �; �) = ( ; �); where  = (�; �): (3.1)

The parameter � 2 Rd� is unidenti�ed (by the criterion function Qn(�)) when � = 0

(2 Rd�): The parameter  = (�; �) 2 Rd is always identi�ed. The parameter � 2 Rd�

does not e¤ect the identi�cation of �: These conditions are stated more precisely in

Assumption A below. They allow for a wide range of cases, including cases in which

reparametrization is used to convert a model into the framework considered here.

Example 1. This example is a nonlinear regression model estimated by LS. We use it
as a running example to illustrate the more general results. The model is

Yi = � � h (Xi; �) + Z 0i� + Ui for i = 1; :::; n; (3.2)

where h(Xi; �) 2 R is known up to the �nite-dimensional parameter � 2 Rd� :When the
true value of � is 0; (3.2) becomes a linear model and � is not identi�ed.

Suppose the support of Xi is contained in a set X : We assume here that h (x; �) is
twice continuously di¤erentiable wrt �; 8� 2 �; 8x 2 X , although the general theory of
the paper allows for non-smooth functions. Let h� (x; �) 2 Rd� and h�� (x; �) 2 Rd��d�

denote the �rst-order and second-order partial derivatives of h(x; �) wrt �:

The LS sample criterion function is

Qn(�) = n�1
nX
i=1

U2i (�) =2; where Ui (�) = Yi � �h(Xi; �)� Z 0i�: (3.3)

When � = 0; the residual Ui (�) and the criterion function Qn(�) do not depend on �:

�

The true distribution of the observations fWi : i � ng is denoted F for some

parameter  2 �: We let P and E denote probability and expectation under F: The
parameter space � for the true parameter, referred to as the �true parameter space,�is

compact and is of the form:

� = f = (�; �) : � 2 ��; � 2 �(�)g; (3.4)

where �� is a compact subset of Rd� and �(�) � � 8� 2 �� for some compact metric
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space � with a metric that induces weak convergence of the bivariate distributions

(Wi;Wi+m) for all i;m � 1:3 ;4 In unconditional likelihood scenarios, no parameter �

appears. In conditional likelihood scenarios, with conditioning variables fXi : i �
1g; � indexes the distribution of fXi : i � 1g: In moment condition models, � is a
�nite-dimensional parameter that appears in the moment functions and � indexes those

aspects of the distribution of the observations that are not determined by �: In nonlinear

regression models estimated by least squares, � indexes the regression functions and

possibly a �nite-dimensional feature of the distribution of the errors, such as its variance,

and � indexes the remaining characteristics of the distribution of the errors, which may

be in�nite dimensional.

By de�nition, the extremum estimator b�n (approximately) minimizes Qn(�) over an
�optimization parameter space��:5

b�n 2 � and Qn(b�n) = inf
�2�

Qn(�) + o(n�1): (3.5)

We assume that the interior of � includes the true parameter space �� (see Assump-

tion B1 below). This ensures that the asymptotic distribution of b�n is not e¤ected by
boundary constraints for any sequence of true parameters in ��: The focus of this paper

is not on the e¤ects of boundary constraints.

3.2. Con�dence Sets and Tests

We are interested in the e¤ect of lack of identi�cation or weak identi�cation on the

behavior of the extremum estimator b�n: In addition, we are interested in its e¤ects
3That is, the metric satis�es: if  ! 0; then (Wi;Wi+m) under  converges in distribution to

(Wi;Wi+m) under 0: Note that � is a metric space with metric d�(1; 2) = jj�1 � �2jj + d�(�1; �2);
where j = (�j ; �j) 2 � for j = 1; 2 and d� is the metric on �:

4The asymptotic results below give uniformity results over the parameter space �: If one is interested
in a non-compact parameter space �1 for the parameter �; instead of �; then one can apply the results
established here to show that the uniformity results hold for all compact subsets � of �1 that satisfy
the given conditions.

5The o(n�1) term in (3.5), and in (??) and (??) below, is a �xed sequence of constants that does
not depend on the true parameter  2 � and does not depend on � in (??). The o(n�1) term makes it
clear that the in�ma in these equations need not be achieved exactly. This allows for some numerical
inaccuracy in practice and also circumvents the issue of the existence of parameter values that achieve
the in�ma. In contrast to many results in the extremum estimator literature, the o(n�1) term is not a
random op(n�1) term here because a quantity is op(n�1) only for a speci�c sequence of true distributions
and the uniform results given below require properties of the extremum estimators to hold for arbitrary
sequences of true distributions.
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on CS�s for various functions r(�) of � and on tests of null hypotheses of the form

H0 : r(�) = v:

A CS is obtained by inverting a test. For example, a nominal 1� � CS for r(�) is

CSn = fv : Tn (v) � cn;1�� (v)g; (3.6)

where Tn (v) is a test statistic and cn;1�� (v) is a critical value for testing H0 : r(�) = v:

Critical values considered in this paper may depend on the null value v of r(�) as well

as on the sample size n: The coverage probability of a CS for r(�) is

P (r(�) 2 CSn) = P (Tn (�) � cn;1�� (�)) ; (3.7)

where P (�) denotes the probability when  is the true value.
The paper focuses on the smallest �nite-sample coverage probability of a CS over

the parameter space, i.e., the �nite-sample size of the CS. It is approximated by the

asymptotic size de�ned as

AsySz = lim inf
n!1

inf
2�

P (r(�) 2 CSn) = lim inf
n!1

inf
2�

P (Tn (�) � cn;1�� (�)) : (3.8)

For a test, we are interested in its null rejection probabilities and in particular its

maximum null rejection probability, which is the size of the test. A test�s asymptotic

size is an approximation to the latter. The null rejection probabilities and asymptotic

size of a test are given by

P (Tn (�) > cn;1�� (�)) for  = (�; �) 2 � with r(�) = v and

AsySz = lim sup
n!1

sup
2�:r(�)=v

P (Tn (v) > cn;1�� (v)) : (3.9)

3.3. Drifting Sequences of Distributions

In (3.8) and (3.9), the uniformity over  2 � for any given sample size n is crucial for
the asymptotic size to be a good approximation to the �nite-sample size. The value of

 at which the �nite-sample size of a CS or test is attained may vary with the sample

size. Therefore, to determine the asymptotic size we need to derive the asymptotic

distribution of the test statistic Tn(�) under sequences of true parameters n = (�n; �n)

that may depend on n:
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Similarly, to investigate the �nite-sample behavior of the extremum estimator under

weak identi�cation, we need to consider its asymptotic behavior under drifting sequences

of true distributions� as in Staiger and Stock (1997), Stock and Wright (2000), and

numerous other papers that consider weak instruments.

Results in Andrews and Guggenberger (2010) and Andrews, Cheng, and Guggen-

berger (2009) show that the asymptotic size of CS�s and tests are determined by certain

drifting sequences of distributions. In this paper, the following sequences fng are key:

� (0) = ffn 2 � : n � 1g : n ! 0 2 �g ; (3.10)

� (0; 0; b) =
n
fng 2 � (0) : �0 = 0 and n1=2�n ! b 2 Rd�[�1]

o
; and

� (0;1; !0) =
�
fng 2 �(0) : n1=2jj�njj ! 1 and �n=jj�njj ! !0 2 Rd�

	
;

where 0 = (�0; �0; �0; �0) and n = (�n; �n; �n; �n): Note that the 0 in �(0; 0; b) and

the1 in �(0;1; !0) stand for di¤erent things. In the former, �0 = 0; and in the latter

n1=2jj�njj ! 1:

The sequences in � (0; 0; b) are in Categories I and II and are sequences for which

f�ng is close to 0: �n ! 0: When b 2 Rd� ; f�ng is within O(n�1=2) of 0 and the

sequence is in Category I. The sequences in � (0;1; !0) are in Categories II and III

and are more distant from � = 0: n1=2jj�njj ! 1: The sets �(0; 0; b) and �(0;1; !0)

are not disjoint. Both contain sequences in Category II.

Throughout the paper we use the terminology: �under fng 2 �(0)�means �when
the true parameters are fng 2 �(0) for any 0 2 �;��under fng 2 �(0; 0; b)�means
�when the true parameters are fng 2 �(0; 0; b) for any 0 2 � with �0 = 0 and any
b 2 R

d�
[�1];� and �under fng 2 �(0;1; !0)�means �when the true parameters are

fng 2 �(0;1; !0) for any 0 2 � and any !0 2 Rd� with jj!0jj = 1:�
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